ABSTRACT An adaptive control law is proposed in this paper for body-fixed hovering over an asteroid with an unknown gravity field and an unknown rotation rate. The unknown parameters and irregular shape of an asteroid make the hovering problem challenging. To facilitate the controller design, first, it is assumed that the required parameters are attainable, and then a body-fixed hovering controller is designed using the backstepping approach. Based on the immersion and invariance theory, an adaptive law is devised to estimate the unknown parameters in conjunction with the backstepping controller. To overcome the integrability obstacle arising in the adaptive law design, the regressor matrix is decomposed to two matrices: a Jacobian matrix and a non-Jacobian matrix, and an auxiliary matrix is introduced into the latter to form a Jacobian matrix. Then, a bounded function is employed to dynamically scale the estimate errors and its dynamics is elaborately constructed to stabilize the system. A Lyaponuv function is constructed for the entire closed-loop system to achieve the stabilization conditions by LaSalle's theorem, and the bounded scaling function much simplifies the analysis. Finally, numerical simulations demonstrate the effectiveness of the proposed control scheme.
I. INTRODUCTION
Asteroid exploration has drawn the attention of worldwide scientists and engineers for its potential value of unveiling the history of the solar system, avoiding hazardous small bodies, and even mining on asteroids [1] . Several exploration missions have be proposed to investigate small bodies by orbiting, hovering and landing [2] - [5] . Body-fixed hovering is of critical importance to mapping the surface of an asteroid, obtaining vantage positions for observation, and identifying candidate landing sites [6] . Unlike planets and their satellites, asteroids possess very weak gravity due to their extremely small mass, which results in the dynamic environment in the vicinity significantly perturbed by the solar radiation pressure (SRP) and the gravitational effects of the Sun and planets. In addition, the shape of an asteroid is rather irregular, thereby rendering the nearby gravity field highly complicated. What is worse, the details of the gravity field cannot be investigated accurately far from the small body before
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an exploration mission. All of these make hovering over an asteroid extremely challenging.
A substantial number of papers have be published on asteroid hovering control. Sawai and Scheeres [7] first analyzed the stability of the hovering controller that tightly kept the altimetry output constant, and the analytical stability conditions were derived by linearizing the equations of motion. Broschart and Scheeres [8] proposed a control scheme via combining open-loop control to eliminate the spacecraft's nominal acceleration and dead-band control to keep the spacecraft around a target altitude. Further, the dead-band control scheme was applied to time-invariant Lagrangian dynamic systems, and the sufficient conditions for bounding spacecraft motion inside a prescribed region was presented in [9] . For tumbling asteroids, Nazari et al. [10] studied asteroid hovering control by employing time-varying LQR or the conjunction of Lyapunov-Floquet transformation and time-invariant LQR, with an extended Kalman filter used to estimate the gravitational parameters and the states. Lee et al. [11] - [14] developed a series of 6-DOF control schemes base on the sliding mode control theory in the framework of geometric mechanics, and adaptive laws were used in [13] and [14] to obviate the need for the upper bounds of the parametric uncertainties and disturbances. Using higher-order sliding mode control, Furfaro [15] proposed a class of discontinuous two-sliding homogeneous controllers for asteroid hovering, which possessed global stability and finite-time convergence despite the presence of uncertainties. Yang et al. [16] studied asteroid hovering and landing problems by using the terminal sliding mode technique due to its robustness and finite-time convergence. Recently, Gui and Ruiter [6] designed an extended state observer (ESO) to estimate the spacecraft velocity and unknown perturbing acceleration simultaneously for asteroid hovering, and then the ESO was employed to develop a simple but effective velocity-free PD-like hovering controller.
In the published papers, most of the researchers assumed the gravity field of an asteroid was well modeled, or the upper bound of the gravitational uncertainty was known a priori. However, before the first exploration mission, the dynamic environment cannot be investigated in detail by distant observation. In addition, the angular velocity is hard to be obtained for the asteroid with small bulk and far away from the earth. An adaptive control architecture can adapt to the parameters of a plant, and was widely used to the control of various systems based on the certainty equivalence (CE) principle [13] , [14] , [17] - [24] . For the asteroid with unknown parameters, an adaptive control scheme will benefit the exploration mission significantly. In [13] and [14] , with the application of the CE principle [25] , Ioannou and Sun devised two adaptive laws to estimate the parameters of the gravity field of an asteroid and the upper bounds of unknown external disturbances to guarantee the convergence of the corresponding sliding mode hovering controllers. However, it is assumed that the angular velocity of an asteroid is exactly known. In practice, compared with the corresponding deterministic controllers, the closed-loop performance of CE-based adaptive controllers is often arbitrarily poor because of nonsatisfaction of suitable persistence of excitation (PE) conditions and/or slow convergence rates for the parameter estimates [25] , [26] . In addition, little can be done on the dynamical behavior of the parameter update law, which may lead to an undesired transient response of the closed-loop system [27] . Recently, an immersion and invariance (I&I) adaptive methodology was developed to overcome the shortcomings of the conventional CE philosophy [28] . In the I&I method, the estimates are composed of the states of an update law and a function that satisfies a specific partial differential equation (PDE). The estimates from the I&I adaptive scheme can approach the true values instead of unknown constants when PE conditions are satisfied [17] , [26] , [29] . However, when the I&I method was first proposed, it suffered from the integrability obstacle because the PDE is not always solvable for multi-output systems [28] . Seo and Akella [26] introduced a stable linear filter for the regressor matrix to circumvent the restrictions on the I&I adaptive control design, and applied the I&I adaptive law to the attitude-tracking control of a spacecraft. In [30] , Karagiannis et al. fully removed the limitation by introducing an output filter and a single dynamic scaling parameter. Then the I&I adaptive methodology spread to various control scenarios [17] , [18] , [20] , [29] , [31] .
In this paper, the I&I adaptive methodology is improved and first employed to estimate the gravity-related parameters and rotation rate of an asteroid in the hovering control scheme. Different from the methods in the existing literature, a dynamic scaling approach with a bounded scaling factor is proposed in this paper to circumvent the integrability obstacle arising in the I&I adaptive law design. First, a creative auxiliary matrix function is added to the right-hand side of the PDE resulted from the I&I design so that it becomes solvable. Then, a bounded function is introduced to scale the estimation errors and its dynamics is elaborately constructed to stabilize the system. The bounded scaling factor greatly simplifies the stability analysis. Combing the adaptive law with a backstepping hovering controller, we propose an adaptive hovering control law that do not require any knowledge about the target asteroid. Compared with the existing hovering controller for an asteroid, the proposed controller can effectively estimate the parameters of the gravity field and rotation rate simultaneously, and avoid the possible degradation of closed-loop performance caused by CE-based adaption. Thus, it is especially suitable to explore the asteroid that is not well known.
The rest of this paper is organized as follows. Section II presents the equations of motion of a spacecraft in the vicinity of an asteroid with the assumption that the gravity field is well known, based on which, the hovering control problem is formulated. In Section III, a standard backstepping controller is designed for the hovering problem. Then, an I&I based adaptive law is proposed and plugged into the backstepping controller to form an adaptive controller in Section IV, and the stability of the entire closed-loop system is analyzed. Numerical simulations and discussion are given in Section V. Finally, Section VI concludes this paper.
II. PROBLEM FORMULATION
For convenience, consider the body-fixed hovering control problem in a reference frame fixed with the target asteroid. The origin of the body-fixed reference frame is located at the mass center of the asteroid, and the x-axis, y-axis and z-axis are coincide with the axes of the minimum, middle and maximum moment of inertia, respectively. Then, the motion of a spacecraft near the asteroid are described in the body-fixed frame asẋ
where x, y and z are the components of the position vector of the spacecraft; v 1 , v 2 and v 3 represent the velocities along the x, y, and z axes respectively; a 1 , a 2 and a 3 denote the components of the control acceleration vector; ω represents the magnitude of the angular velocity of the asteroid. U is the irregular gravitational potential of the asteroid, which is the key distinguishing feature of small bodies. There are several models to represent the potential, such as the polyhedron model [32] , spherical harmonics model [33] , and inertia dyadic model [34] . The spherical harmonics model is used in this paper for its simplicity and adequate accuracy for the hovering problem. The gravity potential function of second degree and order in the body-fixed frame [11] , [13] is given by
where r = [x, y, z] T , µ is the gravitational parameter of the asteroid; C 20 and C 22 are the second degree and order gravity field harmonic coefficients. Thus, the the gravitational force along the axes of the body-fixed frame can be obtained: To estimate the unknown parameters ω, µ, C 20 and C 22 simultaneously, the motion equations need to be parameterized before proceeding to the next step. Let
where θ i , i = 1, 2, · · · , 5 are the parameters that need to be estimated, and α i > 0, i = 1, 2, · · · , 5 are constants which scale the parameters to comparable orders for the purpose of numerical conditioning. Then (1)- (6) can be rewritten in a compact form asṙ
where
T , and the regressor matrix is defined as
The goal of the body-fixed hovering control in this study is to steer a spacecraft to the desired hovering position r d in the asteroid body-fixed frame and then maintain the hovering state for arbitrarily long time, despite the fact that the gravitational filed and the rotation rate are not well known. That is, this paper concentrates on designing an controller to achieve r → r d as t → ∞ with the parameter θ estimated by an I&I adaptive law.
III. BACKSTEPPING CONTROLLER DESIGN
In this section, a standard backstepping controller for the body-fixed hovering is designed with the assumption that the gravitational force and the angular velocity of the asteroid is known a priori, which provides a basis for developing the I&I adaptive controller. First, define the position error as
where γ > 0. Differentiating (10) results iṅ
Considering the following Lyapunov function candidate:
The derivative of V 1 with respect to time iṡ
According to the backstepping technique [35] , [36] , v is taken as the virtual control, and thereby the virtual control is given by
where k 1 is a positive scalar. Plugging (13) into (12), one haṡ
Define the tracking error of v 0 as
Thus, the dynamics of z 1 and z 2 can be represented bẏ
Select the Lyapunov function candidate as
Differentiating V 2 with respect to time yieldṡ
To renderV 2 negative definite, the control command can be designed as follows:
where k 2 > 0. Substituting (17) into (16), we havė
where z T = z T 1 , z T 2 , and P is given by
where I 3×3 represents 3 × 3 identity matrix. Select k 1 and k 2 to meet the following inequality:
and then P is positive definite. Hence,
It is evident that V 2 → ∞ as z → ∞. Therefore, the equilibrium z = 0 of the system (14) and (15) is globally stabilized by the control command in (17).
IV. IMMERSION AND INVARIANCE ADAPTIVE CONTROLLER DESIGN
In actual fact, the gravity field and the angular velocity of an asteroid is hard to be known before an exploration mission. Hence, it is necessary to estimate the corresponding parameters online for the hovering control. To this end, an I&I adaptive law is proposed in this section, and combined with the previous backstepping controller to complete the adaptive control law.
For the convenience of analysis, is decomposed as Assume that θ is estimated bȳ
whereθ is the estimate of θ . Termsθ and β are two parts of the estimate need to be judiciously designed. Note that the estimator is distinct from the CE-based designs due to the additional term β. Extra dynamics is allowed to be injected into the estimate error through β, depending on the dynamic behavior of the closed-loop system, thus leading to a modular control scheme that is much easier to tune than the one obtained from the classical adaptive approach. The estimate error is given byθ
The derivative ofθ with respect to time iṡ
In (21),θ = 0 is used, for all the parameters are constant. Now, we design the adaptive backstepping controller as
Substituting (22) into (21) yieldṡ
The dynamics ofθ is devised and depicted by the following differential equation:
Thus, the dynamics ofθ becomeṡ
It is apparent thatθ = 0 is stable if there exits β satisfying
However, only when T is a Jacobian matrix, is it possible to find a β such that (25) holds. Unfortunately, it is easy to verify that T is not a Jacobian matrix. To overcome the difficulty, the dynamic scaling technique [29] , [30] is used in the following design process.
By close observation of 1 in (19), one finds that
where 1i and 1j are the ith and jth columns of T 1 respectively. Hence, there is a β 1 such that
One solution to (27) is given by
, where
β 12 = 2κ 1 κ 2 xy,
Nevertheless, for 2 , there is no solutions to
because T 2 is not a Jacobian matrix. That is to say, the condition similar to (26) cannot be satisfied, i.e.
where 2i and 2j are the ith and jth columns of T 2 respectively. To circumvent this integrability difficulty, a matrix function is introduced to construct a solvable partial differential equation in combination with 2 . A candidate of is given by
It is not difficult to confirm that
where i and j are the ith and jth columns of T . Thus, there exists a β 2 satisfying
and one of the solutions to (28) is given by
Remark 1:
The designs of β 1 , β 2 , and are not unique, and thereby extra dynamics can be injected into the system according to the desired performance by carefully screening the solutions, which is one of the advantages that the CE-based adaptive law does not possess. Nevertheless, there is no guidelines to construct the terms except for trial and error.
Let
where K is a 5 × 5 positive definite matrix, and the resultant expressions of ∂β/∂r in (23) are given in Appendix A. Invoking (27) , (28) and (29), the dynamics equation of the estimate errorθ can be rewritten aṡ
To stabilizeθ , the dynamic scaling technique is applied to (30) . First,θ is scaled by
where k e > 0, s is a scaling variable. Differentiating e with respect to time, we obtaiṅ
The scaling variable is governed bẏ
where k s > 0, λ max is the largest eigenvalue of K , and thereby s is monotonically increasing and strictly positive for all t > 0. Plugging (33) into (32) with (31) and (30) in mind, one hasė
Remark 2: Only when the scaling function is bounded, is the boundness of e equivalent to the boundness ofθ. Though the scaling function N is not necessary to be explicitly bounded [29] , [30] , a bounded function can greatly simplify the analysis of the the system's stability. Now, consider a Lyapunov function
The derivative of V e iṡ
Because k s > 0, Q is positive definite when Apparently, V e → ∞ as e → ∞, andV e is negative semidefinite. Therefore, the equilibrium e = 0 of (34) is uniformly globally stable and e is uniformly bounded for all t > 0.
To move forward, we consider the following Lyapunov function:
Invoking (16) and (35), we can readily obtain the derivative of V :
Replacing the control variable a with the adaptive control law in (22) yieldṡ
To further analyze the stability of the entire closed-loop system, the matrix R is decomposed as
where C is given by
where ⊗ denotes the Kronecker product, and the entries c j , j = 1, 2, · · · , 7 are presented in Appendix B. The matrix R is positive definite if C is an invertible real matrix. Hence, the parameters of the I&I based adaptive controller have to satisfy the following inequalities to stabilize the system:
where ρ > 0, and it is evident that (39) is satisfied. Then, the sufficient conditions for the convergence of the the closed-loop system are obtained:
Comparing the results with (18) and (36), as expected, one readily finds that the previous claims still hold in the current case. At this point, we safely havė
Consequently, the equilibrium z T 1 , z T 2 , e T T = 0 is globally stabilized and z T 1 , z T 2 , e T T is uniformly bounded. Straightforwardly,
Because V is radially unbounded andV ≤ 0, there exist a constant scalar δ to render the set = {z 1 , z 2 , e | V ≤ δ} compact and positively invariant with respect to the system. The set of all points in satisfyingV = 0 is denoted as
Any point in E leads toV = 0, and therefore E is an invariant set. Invoking LaSalle's theorem [35] , we have
Based on the definition of z 1 , z 2 , and e, (43) indicates
Remark 3: Deriving brief conditions for stabilizing the system directly from −η T Rη ≤ 0 is quite difficult. Hence, decomposing R as (37) is the key to ease the deduction. Equation (42) further reduces the inequalities, which, however, leads to the conservative results. Because the dynamic scaling factor N is bounded andθ = N e ≤ 0.5π k e e, it is evident that θ ∈ L ∞ . In [29] and [30] , however, the same conclusion is obtained through a quite complicated way.
Remark 4: Though z 1 and z 2 converge to the origins asymptotically,θ is just bounded. This is because the regressor matrix and the auxiliary matrix are not always invertible. However, the estimate error of θ approaches zero as time evolves. Hence, the influence of the estimate errors on the controller is very limited.
V. SIMULATION RESULTS
In this section, illustrative numerical simulations are presented to demonstrate the effectiveness of the proposed method. The irregular shaped asteroid 433 Eros is taken as the target asteroid, and its rotation rate is 3.31 × 10 −4 rad/s, bulk density 2.67g/cm 3 × 10 3 m, and naturally, the desired velocity is zero in the body-fixed frame. Similar to [13] , the time-varying disturbance acceleration is assumed to be 
For comparison, the corresponding CE-based controller is designed as follows:
and the adaptive law is given bẏ
wherein is a positive definite matrix with appropriate dimensions. The stability analysis of the closed-loop system is not difficult, thereby omitted here for conciseness. The parameters are given by = 1 × 10 −4 I 5×5 , k 2 = 5 × 10 −3 , and k 1 = 0.5. The other parameters are the same as those of the proposed controller. Fig. 1 shows the three-dimensional trajectory of the spacecraft steered by the proposed controller in the body-fixed hovering mission near 433 Eros. It is clear that the shape of the asteroid is extremely irregular, despite of which, the spacecraft approaches the desired position smoothly. The position errors are reported in Fig. 2 , and it can be seen that the spacecraft arrives at the desired position with the error of each component within ±0.05 m in the presence of time-varying disturbances. The profiles of the velocity errors are illustrated in Fig. 2 as well, and the residual velocity in the three orthogonal directions are all below 2×10 −5 m/s after about 5.8 hours.
To show the superiority of the proposed adaptive controller over the classical CE-based adaptive controller, the error norms of the two controllers are compared in Fig. 3 . Clearly, the error norms do not converge to the vicinity of zero because of the disturbances. As can be seen, both the position error norm and velocity error norm of the CE-based controller are almost 10 times as large as those of the proposed controller. The corresponding control command histories are presented in Fig. 4 . Though the control gains k 1 and k 2 in (44) are equal to or less than their values in the I&I adaptive controller, the control command still oscillates with large amplitude at the beginning of the hovering mission as the figure shows. The error norms of the CE-based controller can be slightly reduced by retuning the parameters, whereas the dynamic behavior of the closed-loop system will significantly deteriorate. The parameters given in this paper have be carefully tuned to weight the control accuracy and the dynamic behavior. 5 shows the time histories of the commanded acceleration of the proposed controller, where the norm of the control acceleration is less than 8×10 −3 m/s 2 , which is much smaller than the upper bound of the control acceleration norm of the CE-based controller (see Fig. 4 ). In the initial phase, relative large control acceleration is required to drive the spacecraft to the desired hovering position quickly. Then, the control effort decreases rapidly after a few slight oscillations, and finally, a little control effort less than 2 × 10 −3 m/s 2 is maintained to counteract the gravity and suppress the disturbances at the hovering point. The profiles of the corresponding parameters k 2 and ρ are presented in Fig. 6 , both of which have relative small values at the beginning to prevent too large control effort and aggressive transient responses, and then increase to large constants to achieve high hovering accuracy. The control law with a shaped ρ can reduce the initial control effort significantly while holding the similar hovering accuracy compared to that with a constant ρ. Letting the parameter c 1 = 0, we obtain the control law with a constant ρ and the resultant control acceleration is profiled in Fig. 7 . The contrasts between Fig. 5 and Fig. 7 clearly demonstrate the effectiveness of the shaped ρ.
The profiles ofθ and β are shown in Figs. 8 and 9, respectively. As can be seen, the components ofθ converge to different constants that cannot be determined before the simulation, and even a little useful knowledge about the characteristics of the constants cannot be deduced from the results. The very deficiency ofθ is what CE-based adaptive law suffered from as well. The histories of β converge to the constants determined by the desired position r d and desired velocity v d . The existence of β renders the I&I adaptive controller superior to the CE-based adaptive law because the dynamics of β can be designed flexibly and injected into the estimated parameters depending on the desired performance.
The estimate errorsθ and θ are profiled in Figs. 10 and 11 , respectively. Evidently, the estimate errorsθ i , i = 1, 2, · · · , 5 shrink to unknown constants instead of zeros because PE conditions are not satisfied, but nevertheless θ converges to zero rapidly, which is consistent with the 34858 VOLUME 7, 2019 previous analysis. The simulation results indicate that the unknown parameters on the asteroid are not estimated accurately, whereas the terms include the parameters are obtained in high accuracy. The norms ofθ and θ are illustrated in Fig. 12 , and the difference between the norms of the estimate errors is highly significant. Fortunately, the parameters do not appear in the dynamic equations individually. Instead, they affect the control law through θ (see (20) and (22)). Hence, the proposed I&I adaptive controller can drive the spacecraft to the desired position with satisfying performance.
VI. CONCLUSION
In this paper, an I&I adaptive controller is designed for a spacecraft hovering over an asteroid with an unknown gravity field and an unknown rotation rate. In practice, the gravity field and rotation rate of an asteroid are hard to be obtained via remote observation. Therefore, the hovering control scheme that does not require the gravity-related parameters and rotation rate in advance is necessary. First, a backstepping controller is developed for body-fixed hovering with the assumption that all the needed parameters are available. On the basis of the backstepping controller, an I&I adaptive law is introduced to estimate the unknowns.
To deal with the integrability obstacle, an auxiliary matrix is constructed and added to the right-hand side of the PDE to compose a Jacobian matrix. Then, a bounded function is used to dynamically scale the estimate errors to stabilize the closed-loop system. Unlike the existing scaling factors, the bounded scaling factor much simplifies the analysis of the system. The Lyapunov analysis guarantees that the position errors and velocity errors both converge to zero. Though the estimate errors of the parameters are just bonded, the terms containing the parameters are accurately estimated. The outperformance of the proposed controller has been demonstrate by the simulations. The proposed hovering control scheme can estimate both the parameters of the gravity field and the rotation rate of an asteroid, which renders the hovering controller completely independent of the a priori knowledge about the asteroid. Therefore, the adaptive controller is especially suitable for the exploration missions to remote asteroids with small bulk. In the future, the proposed method can be extended to the hovering control of a spacecraft in the vicinity of a tumbling asteroid whose angular velocity is not along any principal inertial axes. 
